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9FpF 393 b F nNAK WIAFABEF By HF VB

PCNJYKF pF 333 b ChbFMIKF pF 333 b PCNJYKOF pF 33>
( Post test) ( Self-test) ( pre test)
Wwj yj hIOF w3 o6LUp wjyj] hOF w3f 6Up wjyj htOF w7l 6LUp
bF¢Tl bF ¢TI bF¢ Tl
V[=5 1 °4 7 . 1363 . 54 1
Tl=341 2 Ab ObHWF HK 1 83>6HB. 2 -X 2
A" B =-4 3 Al=O41
AF3  [BIF7 N
Cosg=A" .B" /(JAl.|B])=- B=G6 B+C*=A?
).19 A" .B" =2i-6J+10k B>+(B5+(A1°
4 ||c|=C85 2
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A .B =4
IB|=7
Cosg=-4/21
Cosgl=g=101° 3
V=5
U=v/|v|=3i-uj/5=3/5i-4/5j
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Scalar quantitiesy T BIfFf Tt HF NGH miYer TIHFMBbYT € AT G a8 ThHO b
Vector quantitieswy n 195 em B b

Scalar Quantitiesyj T Hf F &b HOF

p F p s BHPFT BKD oK JABHIK pFR/PMEB KB B 16 9 F 1, 81 s ROFOKT
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A PTF p 4/ ¥HEVBDHBFHb FOF 2 M
massy A bspeélly T pupkK/pHfeE B CdiStancey T f_TeRgdb M A1HDIE K %1 88 umF
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Vector Quantitiesy n t ® B 1D HOF
F & BHPFT BKp KX JFen% LHIDhEprF/p Y 1 kB A 7 4 81 HOFDKT
pFpUs




Bvpu F VHpeFFhoUaMORIEb AOM TR b FUB MABABLRGF b OF I M
W m_théOéleratiol p F_Toéjd€fyw n T g I8 pOBIBPlacementy ¢ F fCauwg A ¥ unkF
force

w N Tty By CbFACH BRI T T8FT B [Ibr ARB #DE b
¢ bW O 8 B 0 YR BRI T pacHHEDpkk o IHNBLIBKIV TUBKBIMMH E b s /T T
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W K piiFF 3l k¥ 0726 B XBF X Bef Y MIFBEHHCF i willg 11 B ¢0
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| How to express vectofs F n 1a His 3FKb
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vector w FOw [MiBF FAKME ppKv A XYAVY nvibv Al @19 Koyl mc A B

notation

C SFTEI B HECORTYT AbKBRKD OF I M
A=AXi + Ayj+ Azk

c "t hys EDEAB W T T hRh{CHpo 1 OB THCIF hus KDEAX g B T C
W T ¥ TH/BREDR B M ICIB WA hys DRAZ hw T b if BhE¥Pbip eibhar s HOF
W L| sa/p lOFH1BhH DT FLID ¢ HOMm
A={(AX)"2+ (Ay)"2+ (Az2)"2}10.5
0 M b ® & O KREFATYRTT b bime(AdOn & e HevildE ppdlic bi B
p Yptv FUfTbxyra/ BB #GHRRy1 T
Unit vectorW p a1nt HBFB

c HOfFphytor pH- Sakdin 8ot Y Bhy PQF0 W p aant AW T b B 1O
U= A/|A|




Un F B Yifk F I GinglF i TTOF b tOF 3 M
4 r n twh 2§D c KB /1 FOF

Addition and Subtraction of Vector§l F 1 i tp s¥HBFEVY
0 T TAOF nbHGRE YOFO/ X 10
A=Axi + Ayj+ Azk
B=Bxi + Byj+ Bzk
o ¥ ox /1 ByB ¥ Shat@R@s & wk £ B N InbpeMFB I Hopnog T
A+B=(Ax+BXx)i+ (Ay+By)j+(Az+Bz)k

A-B=(AxBXx)i+ (Ay-By)j+(Az-Bz)k
it b BB Y bopBMEdE tytOE Bk F X HOF

Product of Vector§l F 51 1 tp BX6@F




vector (cross) product k F Bdalér (dot) product B FMrpLya@E F KL K K
Scalar Produat B f 1 3 ¥YBEW U @ x tOF

b boKKY o kYD KMBMKEOR fL X PR B Y b T

A T TAOF nHFOKE HEQ X HO
A=AXi + Ayj+ Azk
B=Bxi + Byj+ Bzk

c HOF. iy Hop/|BBBtMA X A B B ke BNAFIcTHF Mt M YGBbrnof T
A .B=AxBx+ AyBy+AzBz
ne1QfF B wx mBNMAUF MpeFHBFE B B p &1 gn/Kwm
A .B=AB cosQ



9fr 1c bIB
¢ BF T @b oQFI0)F B wpx B QHAFBA b B T Iy o HOF X K
pYpMF BT
AB=B.AyT HOF 88K T ¢ IBF
Vector Product 1 t h p YOFOK 1 1 WOFOF

h T hyYp ryD KMBMKEOR p X PR R Y b T
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A=Axi + Ayj+ Azk
| wT AR
b cM® K DATTIAMD U DK T: 9 A EDFOF(MpAY bk najp, 1 51 SHGROA: B
wy TEYART® BN ¥ EDFRR B xc x F X OF
ne1QfF B wx mB AR Mpe-FHBFE Bl B p &1 a1 /M
|AXB| =AB sinQ

9fF 1c bIB
b Hopa oQFO)F B wpx WiBRCKH(Hesalel (o 7 T @\Fl%\ﬂljm 1 iy P X K
pYPmMFCHKTF ¥ BB RO Y
AxB=- BxAWT HOF o &KX % b ¥ FOF
AxBb F ® 8B PMKL T nctSHSFIOFpavVBHETK TS P b ¥aFRBE b pi kX BPB OF
BVAg b b drkveBK 4 M BT B



EXAMPLES

(1)
Two vectors, |A|=5 (in first quarter) and makes an angle
of 30 with positive X -axis, and |B|=4 (in second quarter)
and makes an angle of 50 with positive y -axis. Find the
resulatnt vector A+B and its magnitude |A+B|

SOLUTION
WT p RyrbHER N GFRIG 01 b I BMRF
/i T BABAKOF b Tk SRtPhe TIOFE by A0 M BEOF M/ACHOF
Ax=|A| cosQ=5c0s30=4.33
A M BT i BolEles HaF



Ay=|A| sinQ=5sin30=2.50
¢ FOFAbvIERT R BADOF b OF I M
A= Axi + Ay} =4.33 1+ 2.50 |
i T RETHRUOF Rt B3 BHTF 1 BOF dBNAEBHOF M/ACHGEEE S X
Bx=|B| sinQ= 4sin50=3.06
Ut e F MHOE T ToTMOBBBAFEC ¢ w2 KBTI T 1 BbHEV
W2 M Bubr xug “JRHphE TR
Bx= -3.06
c nWT by BobEdes YOF
By=|B| cosQ= 4c0s50 = 2.57
c IOfinks HOEeW®ETIdF b FOF 2 M
B=Bxi+Byj= -3.06i+ 2.57]
c wy A Hg epiADFA K
A+B = (Ax+BXx)i + (Ay+By)j= (4 .33 8 3.06)i + (2.50+2.57) |



A+B = 1.27i + 5.07j
c KOFMbHOEHH H¢ B MOF
A+B|=(1.27"2+5.07"2)"0.5=5.23|
(2)
.Given that A=I  -3j+2k. Find the angle A makes with each
coordinate

SOLUTION
WT IOF N DR Oy @3 & T H enHBKHHOFVMIFECIPEEO N B EOF

COSQX=AX/|A
cosQy=Ay/|A
cosQz=Az/|A




oM AK M
Ax=1, Ay= -3, Az=2
Al=(1"2+( -3)"2+2"2)"0.5=3.74|
Qx=cos -1(1/3.74)=74.5°

Qy=cos -1(-3/3.74)=143.3°
Qz=cos -1(2/3.74)=57.7°

(3)
If A=2i -j-k and B=i -3j+k, find |[A -3B| and AxB



SOLUTION
B3p T kY
3B=3(i -3j+k)=3i -9j+3k
OB TFM1 X B M
A-3B=(2 -3)i +( -1-(-9))j + ( -1-1)=-i +8] -2k

A-3B[=((1 -)"2+(8)"2+( -2)A2)"0.5=8.31]



AxB=(AyBz -AzBy)i -(AxBz -AzBx)] + (AxBy -AyBx)k

AxB=(( -1)*1 -(-1)*( -3))i 0 (2*1 -(-1)*1)j + (2*( -3)-(-1)*Dk= -4i-3j-
5k

(4)
You have A=5i+6] -3k and B=4i+3k. If A -2B -3C=0, Find the
vector C

SOLUTION

Ppé&bwmnb s 0K
(A-2B-3C=0====>3C=A -2B



or
C=1/3(A -2B
2B=8i+6k
A-2B=(5 -8)i+(6 -0)j+( -3-6)k= -3i+6] -9k
C=1/3(A -2B) =1/3( -3i+6] -9k)= -i+2] -3k
(5)
You have A=3i+2] -4k and B=4i+3k. Find A.B and the angle
between A and B
SOLUTION
A.B= AxBx+ AyBy+ AzBz
p Y tv FBRADT Hupr shi@ BEHARG HQAAE WD X 3 BUE D Y X
A.B=3*4+2*0+( -4)*3=0



F B AWK MBECHOFD B [ A e exADR| npTY Mo FCTITF 7 31 YGHBIFF Wke
pYpmF Bbb
(6)
.Find the angle between the vectors A=6i -|[+5k and B=4i -
3j+3k
SOLUTION

p MFABETA ¢ e HQH YaGRFEA N x

A.B=|A||B] cosQ
c OF b IOF 29 w™

(lcosQ=A.B/(]A||B



Al=(6"2+( -1)"2+5"2)"0.5=7.87|
B|=(4"2+( -3)"2+3"2)"0.5=5.83|
A.B= AxBx+ AyBy+ AzBz
A.B =6*4+( -1)(-3)+5*3=42
O TFX X B
cosQ=A.B/(|A||B|)=42/(7.87*5.83) = 0.92
p M FaATTH I U HKMEFAETIOR b FOF D M

Q=cos -1(0.92)=23.74°

(7)
Given that A=4i  -3j-xk where x is a constant. Find the
value of x if Ais perpendicular to B=i+2k



SOLUTION

p Y pbv FCTRIF T BHAGBIDF Mm@ F st pn/iHbes QR
A.B=0
A.B=4*1+( -3)*0+( -x)*2=4 -2x=0
c OF b IOF 9™

X =2
(8)
Given that A = 3i + 2j 0 k, find a unit vector C in the
opposite direction to A
SOLUTION

HIANT 2rEAFCc HIOF nt a3 a4Y 647X b



C=A/|A|
IA|=(32+22+(1)2)0.5=3.74
C=AJ|A|=1/3.74(i + 2ji k)=0.8i + 0.53j- 0.28k
MFtbF EbIK ¢ T.jK fESYRFAQTTOo 1 B 6 UJCOF AR & bl
A

0 3 RYCTIZIK B 2 WD
C=-0.8i- 0.53j + 0.28K

(10)
Two vectors A= | -]+ 3k and B= 21 + | d 2k. Find a vector
C which is normal to both A nd B

SOLUTION

c At R B b ¥YIOFF b3 k F & bUPRIYC B8 HOF



AxBb r ® 8 PMKL T nctShSFIOFpaWsHTK TS ® b ¥O0FBE b Fi X I9B HOF
BVAO &b B kKA M bT B

EXAMPLES




(1)
Two vectors, |A|=5 (in first quarter) and makes an angle
of 30 with positive x -axis, and |[B|=4 (in second quarter)
and makes an angle of 50 with positive y -axis. Find the
resulatnt vector A+B and its magnitude |A+B|

SOLUTION

WT b RYFEHEE W GFRIM 0 Bb HlRRF
V1 o™ Tl g ZRt@be TIOFE by Qp O MBBOF MAF IC QR B OF

Ax=|A| cosQ=5c0s30=4.33
A M BT i BolelesHaF S




Ay=|A| sinQ=5sin30=2.50
¢ IOFAbvBRT I BADOF b FOF D M
A= Axi + Ayj=4.33i+2.50]j
o M 05 b OF FBhaEROF M/ACHGER @ FOKT SR T8 U@ HOF
Bx=|B| sinQ= 4sin50=3.06

c X TOTMOBBBOFC ¢ WIF 2P HEPHI T b bl n e F PoHOF b
W3 M Rulpr g Zhtmbe TR
Bx= -3.06

c ndT by BolEEs YOF
By=|B| cosQ= 4co0s50 = 2.57



c Ok Hegaw®ETHOF b KOF 9 ™M
B=Bxi+Byj= -3.06i + 2.57]
c Ky A Ho@ epiHDFA K
A+B = (Ax+Bx)i + (Ay+By)j= (4.33 d 3.06)i + (2.50+2.57) |
A+B = 1.27i + 5.07j
c KOFMbHOpH He B MOF
A+B|=(1.2772+5.07"2)"0.5=5.23|
(2)

.Given that A=I  -3j+2k. Find the angle A makes with each
coordinate



SOLUTION
F 1 NokBi@FVoFRCHPEIO N B KDF [DF 15l DR #0p @W 8i T b B OF
COSQX=AX/|A
cosQy=Ay/|A
cosQz=Az/|A

AW AKwm

Ax=1, Ay= -3, Az=2

A|=(1"2+( -3)"2+2/2)"0.5=3.74]



Qx=cos -1(1/3.74)=74.5°
Qy=cos -1(-3/3.74)=143.3°
Qz=cos -1(2/3.74)=57.7°

(3)
If A=2i -j-k and B=i -3j+k, find |A -3B| and AxB

SOLUTION

3ptMBY

3B=3(i -3j+k)=3i -9j+3k



OB TF)X1 X B M
A-3B=(2 -3)i +( -1-(-9))j + ( -1-1)=-1 48} -2k
A-3B|=((L -)"2+(8)"2+( -2)*2)"0.5=8.31]
AxB=(AyBz -AzBy)i -(AxBz -AzBx)] + (AxBy -AyBx)k

AxB=(( -1)*1 -(-1)*( -3))i 0 (2*1 -(-1)*1)j + (2*( -3)-(-1)*Dk= -4i-3j-
5k

(4)

You have A=5i+6] -3k and B=4i+3k. If A -2B -3C=0, Find the
vector C



SOLUTION
PpAbBwmnb B 1OK
(A-2B-3C=0 ====>3C=A -2B
or
C=1/3(A -2B
2B=8i+6k



A-2B=(5 -8)i+(6 -0)j+( -3-6)k= -3i+6j -9k
C=1/3(A -2B) =1/3( -3i+6j -9k)= -i+2j -3k

(5)
You have A=3i+2] -4k and B=4i+3k. Find A.B and the angle
between A and B

SOLUTION

A.B= AxBx+ AyBy+ AzBz

W 3 Hpg ACAEB Wi Xy B BUEF WHD Wik hur I pblQitv F b



A.B=3*4+2*0+( -4)*3=0

A B BN NpTY Mo FcTITF 1 3 YGBIFF keF 8 X MBNCHTFb g F Ah BB |
pYpbmF Bb

(6)
.Find the angle between the vectors A=6i -|+5k and B=4i -
3j+3k

SOLUTION

p MFOTTA ¢ TppMQH YARFA /T X
A.B=|A||B| cosQ
c IOF b IOF 9™



(lcosQ=A.B/(|A||B

A|=(6"2+( -1)"2+5"2)"0.5=7.87|
B|=(4"2+( -3)"2+3"2)"0.5=5.83

A.B= AxBx+ AyBy+ AzBz
A.B = 6%4+( -1)(-3)+5*3=42
oW TFx KB
cosQ=A.B/(]A||B|)=42/(7.87*5.83) = 0.92
P MFATDT T BugIHOEFETIOR b FOF 9 M



Q=cos -1(0.92)=23.74°
(7)

Given that A=4i  -3j-xk where Xx is a constant. Find the
value of x If Ais perpendicular to B=i+2k

SOLUTION
p M FCHAF [T B AGH ¥ Mm F st pn/itheeptgFhb
A.B=0
A.B=4*1+( -3)*0+( -X)*2=4 -2x=0
c lOF b OF 9™



X =2

(8)
Given that A = 3i + 2] d Kk, find a unit vector C in the
opposite  SOLUTION
WCcHIOF Ntas aAY 6AxediF ¢ KOF K e B
C=A/|A|
|A|=(32+22+(1)2)0.5=3.74
C=A/|A|=1/3.74@3i + 2] 1 k)=0.8i + 0.53) - 0.28k
FMK ebBliomr AKO WCcHIOF litgRAEYK & Twmr lOF
WKFtT.bFF T bF EbIK ¢T #Wtags @TOT bFI
cT N0k _BCt By JFm-10 Ay T
C=-0.8i - 0.53) + 0.28k



(10)

Two vectors A= | -]+ 3k and B= 21 + | d 2k. Find a vector
C which is normal to both A nd B
SOLUTION

c bB4QF0 coms FOR K F M b ¥YIKIFF Mo K FXKpb oMY

n k6 bk PE BB DKL T nct SheFIOFpbamBETKTF b YARE
o M hHirehb Srkvek

BMVA



JryYFTp clOF NIOF 6y AN3
eylfc afFprTF NHYyPuld wyl 1pCs cr ANF |
WM C < ( EBF PIOF) EBhMBbBF Y9FOYK
201501 % BFp CKOF | wy 3 g
i CtT3KF [/ c34Y3IO
AFCJIT IOF M e GCF L
(Overview) wdAB F | HOF WO33KWF : bMY
PFCpY P F blT1OF dF p 91y B wg Y-ROF
WOYF._ _ . _ . WO BbOr HOF WOYFjrKwTCn, ... ......
Objectives Central Ideas FNnlly YFHI Target Population
Rationale
CNn>2 4 Of I OR Ct OA| QF BHANT ntomvmy F wAc O
MMnKO W3drrasTpfrp OH! C 3IOF yy;’ Ct3HKF / c3 Y3 IOF
PoprLL UDYFjrk&F| F nKFHXEF | FAAT! QFCNrtOFm e Cf Mr
-2 AR N & X F H2L cT 4 IOf CTO}3I0F W]
nNAK PRJFraTpfF OH! wHc Cy y bls IOF
N H X wy Yy bm| Oy O wTtph
Ok 63TpfFO FNBFCb3 nAy kK Y3 KO




b C/NIOF m
ey ImWOI |
WOl K
ey Im , WaoF
, CObFM WC
€ OF . . |
410 T IOF  BB1
aFCbPbg bk
bmF Ct H
b Wy YF T
OF bIKOF P |

2¢c ]

v CANr F

yr aTpfr OH |
cT P Pom W

bfrpts

OYF Y3t

. 9B F blg IO

whF p

MY FH

cT wy bH
wAc O

wy /1B F

. WB pF
drr b F
WOYFjrtO
6ANIT
n3/Jir OF 4
Xy Ud
QF r 3aTpF
F N3y XH
cT Fnbfpd
JFha>bFk
c T F Mk
9YF Y3 IOF
9B F blg
3y n
drFr y Ar

wy 3F I
WC Y




pbFCKuylO 4 nAK PpHSI

45 10F Bm  w T UoyY dp
b F CK bl MF NTpwm

3blbm wt O P M
Wp F I bl

dHT w? KOF
CXFy?3}F p
afFBF 43b
.63 TPF PH |
nAK P XA
ey XFH

. AF 1317 pF Ok

(tests) UFpF 333 bF : Pyxr X
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b FCKbF 6bpfFOHK UpFCKBF 63TpPpF OH POj) OF bHc WOC
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wyj htOF w3 bF ¢TI OF | wyj HIOF w3 6 LUp wy j hIOF  wIF 6Lp

bF ¢TI bF 6T
X=1,0262 1 4 1 @) -1
X=2,972 2 4 2 < -2
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X=1.6981 4 6 A
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. (References) ppfr. . . h

Q,JOF?—\H:) ChHT UHUY/IT CyHKYb wytTHIHS3 bl OF QKflﬂrﬂ}O wy !
OblFT'K CytB aCfpc Cylp OFCOHF Ayl Ye-BPOWFp FC

20@CZ %/ c3Y3IOF 6y AN In0BM wfs yw/l 3 I tOF

chnical Mathematic for Tomas 2007-3
Panal col ter nTechdi cal \Y,



Murrary R. AMat he®ati cal
Shantinarayam NEngi neel987+6g Mat he
Garlick B. ATechni e7al Mat h

3 2 EfF P8I0 8. 3 _EX

~ ~ ~ ~ ~ ~ - -
~ ~
F ~ ~ ~ ~ ~ ~ ~ ~
- ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
~ ~ ~ ~ ~ ~ ~ ~

~ ~ ~ ~ ~ ~ ~ ~

~ ~ ~ ~ ~ ~

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ‘



vvvvvv

vvvvvv

vvvvvv
vvvvvvvvvvvvvvvvvvvvvvvvvv

~ ~ ~ ~ ~ ~ ~ ~

........... nudl OF eB CT

WTp HIK pMIOF EbFF Gk 4t HOsc FBWF TrlF FbtFH B p CK
.pbCNIWOF FTMfFlB 6bf 3IOF
CHHATINTr OF Cj) OF 3233fFr 4T OYHKFS YCAb Wy IF

.CCFHIF 3 YC»BB wy
O¥bY "F3y/lB "FPpCK gk HFOWFaFuFtTmKpM
MHAMT IOF PO F nefK EF PuF dAyr @

e bllav6 MJa Oy 2. IOF M Ofr WOYFjIOF 4dfFrasTtTpfr O



ey ABF K nKOF WyIK 2% F Oyj¥ ek MO OFT W13 /br
-eyy bfF BbY

bFCKY eB CHKY3hb c9IOF UDQKOFT DF bIBc nOT oM
Wy 9Fr Fj IOF wy OF H 31 IOF ppwOZc ve yupy TaSBFGBF LUl

wdy 9K WFPY dfrr g1 pfF OH AR BHBWEFN IBw | yybEm D
wHfF PIOF KFOOuUF WA ¢cT acCbarl BHFRM YXHpYIFOIYN He
wyr kY Ud4YsxF UUHIOF E¥x HBYbvm WO PRBIOPY
CK CYOBTEF OHAIF pbFEMCIOFY whPw pdr JF ] IOF
Chb 2yc Wy tTHIOHYJIORF g ¥ ANDOFmT W yH OF 3 Ap
Fndyxrbm w/lrOF pFHrvF ICys Bk @Ay ajHF B MW
bF haUlbF cT I



dJryYFTpPp : WHYPBUYK wyltTpCs clOF NTHOF 6y A3
eylc AfFrTF ( EpFf Tl IOF) cr ANKOF ¢
WmMCI 201501 % hFp CHOF . bhMbF d9FOY K
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(tests) 9FpF 333 bF : Pyxf X

PCNJYKOF pfFr3y@s b c bF mIOF PFMyI>bF| CcANUIF pFr¥330bF
post test self-test pretest
eB IOb wryld (2d9xr OF FTFmMC 16 POj IOF bHc WOGCF
Wy bvF 3Oykpt T wyy b ntOF Dyl 1T pM
B -t Wj yj] hIOF  w?3F T
1- Cos 30= . ChbpF 2Ax flOF cC
: WYb C 73 6C CcM
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Jitgs o=t AR A 40, 9Y0
5610, 350
60, 1O




g

Sin26 +cos?8 +tan?=sec?
i

cotanZ@

- " = 29 _
Sinf 1 cec @ — secl

| 4E
e WTMFOIOKF wr
Wy bvF wWHO

Cos (60+¢ )=2 sin¢

nF Ur 9K 5E

4
Sin?=s
wr y L

g 3 X

\

:

(
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Wg 9F Tt @ wB bIH
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( Post test) ( Self-test) p CN >3 IOk
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wj y] hIOF  WIF 6LUp wj yj hIOF w3fF t1y OUp wWIF T| 6L
bF ¢TI bF6éIN wjyj AéTl KO
b F
Cos3g=cos(2g+q) 1 1 i -1
=c0s2(q €0sg-sin2gsing A=28°.58 6 -2
=cosq(2cos?qg-1)- leo‘é © 28
sinq(2singcosq) (3_:?6 342
= cosq(2cos2g-1-2sin2q) Sin“6 +cos<6 =1 2
_ 5 5 ns3rykOF
=cosg(2cos-g-1)-2(1-cos-q) )
=1+tan-¢
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=4c0s3-3c0s(

Cos?g/(1+sin)=(cec?qg-1)/(sing+1=-
1/sin%g/sing+1
((1-sin?g/sin?q))/1+sing=((1+sing)(1
-sinQ))/
sinq(1+sinq)
=(1/sin?q)-1/sing=cec?qg-cecq

a.._ K. M

g=°9.55
Sin2g=0.96
Cos20=0.28
Tan29=3,429
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Objectives Central Ideas Fn/ly YFHB Target Population
Rationale
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(tests) YFpfF 333bF : Pyxr X
PF Y33>6F c b F mIOF PFMBI>BF CANYIKOF pFr¥X¥33bF
post test self-test pretest
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(tests) YFpfF 333bF : Pyxr X
PCNTHYKF pF3@>1 c bF mIOF PFMB I3 b CAJNUIF pFr¥33 bk
post test _ self-test pretest
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whF p CHOF
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mnmkr rdb U
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bHnatr
(tests) AFpF 333 bF : Pyxr X
PCNJKOF pfFr3@s b c bF mHIOF PFMYI>BbF| CcAFNUIKF pFr¥330bF
post test self-test pre test
wybbvF bFMCKHF W bFMCHAK w4yal r lOF pMIOPOj IOF bHc W]
- Wy IOF swFxy A wj yj] htOF w3fr T b F
1- Y=sin4(2x) L ChYT Fr
g 1- Y=sin 20
-Y= V= cos52
1-Tan 3 2- Y=cosc 2¢ }?:_mm .
¥ = 2cos20 +

2-Y=vsindx




3- Y=4.gsinex

[ g

4_ Y:ﬁ. Sinx

5-Y=40 Sinx cosx

s 9Fr T F wBblh e€e8B
eybfrYs wj Yk L3
9FpF333bF nAK
( WOYFjrKF wWTEF/J

g

3- Y=cot3
4- Y=tan sin ¢

5_ Y:etanx.cosx

OfOE
<

Y
_Q_J'I_J'I
T
O W T

| 1 KOF

WB bl h €e8B

Wwj YH Ws N
F333bF n4d
WT F /1]

2- Y=Ccosx?

¥y = sinx*®

X <

¥y = —2xsinx?
y

U3 93F T @ wB bl b

9F 9FTWwkF QYybF YB
WTFnAnX cT H9FpF
nAdAK Udhc FMFT

eB O DbY WIF
NMIO U Fj 2 Urko WK YTow 5
UAThc FMw FBY
QUa xYT WM esB
wy tOF 3 IOF  WH T

- ( CWOYF Jbx JOF




FpF333bF nNAK WIAFFrBOF Y bF YB

PCNJKOF pF 33 CbFMIKF pF 333 1 CAJYYIKOF pF 33
( Post test) (self-test) ( pre test)
wj yj hIOF  WwIF 6Up wj yj] hiOF w3Ft1y O6Up| WIFT| 6 LY
bF¢T bFoTNtwj yj Ael KO
bF
¥ = 3sec::2(30) 1 Yy = 8secz:4(2x).2(tan(2x)sec(2Xx) 1 6 1
3 a2 2 y = - 2cot2? .cosc2? 2
Y=32SIn 3xT.cos3x il .
712 cos(3x).e SN 2 Y = - 6c0sc?(3x).cot(3x) 2 U
j?:ﬁggnn&rlnﬁ.[ ‘1 =] 4 5 2
(stnx) |sinx.sec? 8
>_<—tanx.cosx
y=4o sipx= cosx 5 y=cost secX(sin )
In40 [-stn*xcos*a] 7 = ¢ 1ANXCOSX (coSX SeCX2-tanx) SinX
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finmnd - vi

A—- F (<) =2 +3

vi = 24g2x<]"t" +0O = Aax<

2- T (<) = (<= + 3B)=

Vi =2 + 3] =A< +6 = 83
B- F(D) = V2 +3

Vi — = -E@&E >0

oV -3
> — 1
><Z + 33

C<- D.[2x<] - < +3>.[13

= — f (<) =

L 2T - 2 - XT3 X - 2x 3
Y (<= + 3= T TG w37
5- fFf (OO =eeInCx<+DD
vi—=—e™_.[INn(CC< +~D.Z] +InmnCCCx< +~D.[e™]
1 - think - vi=3BeIn(CCx< +D1
el Sic
S- FOO == —
i — ~ x<[A><=] - (< +3)-_\/:L;
(~/ <D=
7 - F (<) = INn eG>< 3D
- 1 5 +3B ><+
Y= e(5x2+3x+1) -(e( < ))-(1O<+3)
vi—m= AO + 3B)
S- Ff (D =—\/x+ ><
a a
= -CL
> =2 < + /< ¢ +2'\/X)
_ >x" —- a2
- TOO = —7377
N ><= aA.3-1 (< - D.[2x<] - (< - D[
YI—E-( =< 1) -C C=<_ D= D
_ A <= - A4 -2 X< - 2x-—- 4
Yi==- 32 T C - =



Dy .. f(x+Dx)- f(x)
bx - lim Dx

if 3- y=f(x)=¢e*prove- yj=e”
f(x+Dx)- f(x)

vi=lim Dx
\ yi=|- ex+Dx_ ex
IM~px
R e*(e™ -1
\ =
i=lim =g,
2 3
7e°"=1+DX+(DX) +(DX) +..-1
1 2 3
2 3
eXDx(1+DlX+(D>2() +(D;() +...)
\ vi=|j
Yi |I|3erl O
2 3
\' vi=|lim eX(1+DX+(DX) +(DX) +...)
Dx- O 1 2 3

7 Dx- O\ yi=|ime " (1@+0+0+0+0..)\ yi=¢e"
Dx- O



Interval (a,b) then the rate of changeiny (W.R.T.) with respect to
if
1- y=f(x)=x?
prove
Vi=2X
s T (X+DXx)- T(X)
Yi=
m Dx

L (X? + 2xDx + (Dx)?) - x?
yi=lim Dx
Dx- O

\ yiz i 2xDx + (Dx)?
m Dx

\ yi= |[|)er!) (2x +I|::))Xx)(Dx)

\ vi=|im (2x + Dx)
Dx- O

7 Dx=0
\ vi=2x




EX.

if _y=f(xX);x- x+Dx\ y- y+Dy
\ f(x)- f(x+Dx)
Y _(yrDy) -y f(x+DY- f(X)

Dx (x+Dx)- x Dx
addx- 0
\ ﬂ:“ f(x+Dx)- f(x)
DX oo Dx
note
2 3
%:yh%wﬁ, 33 = Yii
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Very important definition

Let f(X) ; g(x) be two real valued functions over the open interval ( a, b)
and let c be a constant then

pPYH = Y3Af X IOF

WIOFpIOF bYfFYh wTOFdBF X IOF X3RN X ObF

nThIOFPIOF bYFYb upA mMYb3mB T

bYFYb nT fF2M¥Hs nlT Xk MO B+ nuOwmeFX KFOF ¥
ntOmb F

( afpUYBIOFi BPPRYOH BYFAXDHIWOAF afF UBIOF ) Wp A &

wAXsBbF WB FpT wBfrpk 6CfFbx WpK FnTdAtTM™M nf
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ol

- yil

- yi(c) =0

- yi(cf (x)) = cyif (x)

- yiif(x)° f(9)]=yif (x)° vyif (9)

- yiLf(x)-f(g)] = f(x).yif (9)+ f(9).yif (X)

. f(X)]= f(x).yif (9)- f(9).yif (X)
f(9) (f(9)’




1 —
-2 —
= —

A —

-5 _
S —

7 —

yvi(c) —O
YVi(><x) — 1L

YVi(>x<") = nx<x" "

) o a B
Yl > = 7
vi(e™) = e™
vi(a™)) —m a > Ina

1

vidlm >x) —



. 1
if4- yv=1(x =\/§ rove- Vji= ——
y=f(x) p Vi N

yi=Irinr_r3 f(x+D[))<)z- f(X), YFIfim (\/x+§-\&)
\ yi=| (VX +Dx - VX)(Vx+Dx ++/x)
I!xn'(l) DX(v/X + DX ++/X)

\ _=|. X+Dx- X \ vis 1 7 Dx=
MM o D) 7 (x D+ )
11

e

0




prove- i(eZX) = 2e*
dx

dy _ o F(X+Dx)- ()
dx Dx-0 Dx
ﬂ _ Ilm (e2(x+Dx)) _ f (e2X)
dx Dx-0 Dx
ﬂ _ Ilm (eZX)(eZDx _ 1)
dx Dx-0 Dx

2 3

(ezx)(1+2DX+2(DX) +2(DX) +..)-1)
dy _ 1 2! 3!
dx Dx-0 Dx
3
4 (€2 )(1+ 2Dx + 2(Dx)? + Z(D’f) +..-1)
9 = lim 3!
dx Dx-0 Dx
3

4 (e2*)(2Dx + 2(Dx)? + Z(D’f) +.)
9Y = lim 3!
dx Dx-0 Dx
q (€2*).2Dx(1+ (Dx) + Z(Df)z +.)
Y = lim 3!
dx Dx-0 Dx
dy _ .. ox 2(Dx)2
= lim (€7).2Dx(1+ (Dx) + S5 + )

7 Dx - O\ %—Z(ezx)(1+0+0+0+...)
X



- Yi(u(x)") = n(u(x))™ . yiu(x)
. _ 1 .
B yl(M) - Zm .y|U(X)

3- vyi(e"™) =e"™ yju(x)
- yvi@"™)=a"" Ina.yju(x)

- yiinu(x)) =ﬁ.yiu(x>
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find di (x®) (> - 3)

dy _
dx

dy _

d 1

dx /2% + 3

Ay _ (V2E + 3)
dx

I B

2

= () [2x] + (X7 - 3)[2x]

= (2x3) + (2x° - 6X)

) - (V2P + 3)_%

ax] =



prove-

4 () =2
X

dy _ e’* |ne®* .2

dx
7 lIne=1

W — 2. (1)** .2 =2e**
dx
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find dylf - X° + y° =6xy*
dx

x3y<—)+3 3—6><4y3(d—y)+6y4
dx

X*3y° (—) 6x4y( ) 3x°y° +6y*

( )(x 3y’ - 6X4y°) =3xX°y° +6Y’

dy 3x°y° +6Yy"
dx (x 3y’ - 6x4y°)




o0F bmMrpcx aX aTTpAKF bYFYh D

i(y2x3+2yx)=i(3)
y2[3x2] + x° [2( Y]+ 2O, dy]— -

y?[3x?]

-2
&(x32y+2x)= 2"

-2
dy _ x?
dx (x°2y+2x)

-3y 3x*




PpA nT WphpY¥YBI wWK
y=x* XTpA oK wtxeYIng3OFin¥ ntOmc xT FndAc 4abs

oYH = FnanSBpOFm wiHwB®B p>3F nhc 4YfF Ub

Chain Role
Consider y = f(x) ; x=g(t) find dy/dt




If Y has an indirect relation with t via (through) x then dy/dt = dy/dx*dx/dt

g Note: we can get this result by multiply (dx/dx)

g x could be more than one factor

g we use the chain role to find the effect of each factor on the
dependent variable

WA hABKOE WP KF
J FBKpcF o173 Wpl F2B wUelK ptTwmMb FBDb
E bhYm¥Ybrm U pT3bBF pTMNhBFM E bMBF pT




Wh bbb M W _ 10O w2PXIOF 2 J bYFYb nT FIAM
berK ) pthNhe bbl(pT.XWBHF hyOp N@T B oI

Ex.Ify=7x+10; x =3t716 find dy/dt

WKpfF /IBKOF nT pT1Ilds KOF U
1. Dby substitutiony = 7(3t-6) + 10

y=21t-42+10=21t-32
yr=21
2. by chain role dy/dt = dt/dx * dx/dt



WwADBABIOF WpKFL aFp

dy/dt = (7).(3) = 21

g Ex. If y = 5x2+1/x3-1 x =e5t find dy/ dt



EX

2
foy=""y=e fing
X -1 dt

ay _ dy, .

" (d—) ( )

dy _ (( D[10<] - (5x° +1)[3x]
dt (x°-1)°

then.. substitute

dy (56" - D(BE")- (25" +1)(15%™)
a B (5615t ] ])2

)* (5¢7)

)* (5¢7)
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PCNJYKOF pfF3y@>s v c bF mIKOF PFMB IS Db CAJNYIKF pr¥Y39>3bF
post test self-test pretest
4Tc ¢c3)3B b3 @IT] bFMCIKF 3yd ( pMIOF POJOj IOF bHc
. wy OF 9 IOF | bpbFf B 6% Wy Wj vyj hIOF w3F T b F
S= 13-412-3t  c3j 3r1 A0 KBF . CbhYTFT
cT 6INtHKF FMmkKk 3 Y=vz at x=4 1- Y=3x2.ex2
e3hb FNn3KOB c3 EFrrOF wlopf-Zs
1 Y . Cc3j 31 AH M= 7= 6X.e*%+e2.2X.3x?> - Y
C3) 317 KF 3y BH| Yy=3x2ex
. ¢ HOF 9 -3 7= eX+2x3%%- Y1
Y= x3-6x +2 ) 5 Y=v% at x=4
pH] B EFTTIOF Wl naK pHr NIOF wlOpF J M=7 = 6xe*2+eX2.2x-_
9FppF | cc3j3r A0 Efr
A 43R HTIOF  wry BE| y=( atx=4 Wl Ys tOF ¢
B,C 6FT WFYbpMh -507
Y=AX*#+BX+C: €3] 3 pngK KpwF olH esB
drms3j3rlor aF § eBJIOFt aDs T
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w3j] O pF ¢ T-2wWK
S5t e blg HOm

nlOF 67t OF KABOT
. WKOH pY3ImM Kpb
. 9y 1t NAIKOF
Ws 9F T F wBbH €e8B
eybFYs Wwj Y Ws3
dFpF 33>3bF nAK d
( WOYFjrIlOF wtrF

Ws 9F T @ wBbIhH €8
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FpF333bF nAK wWIFAFxROFOXy bF Y B
CbFMIOF pF
Post test Self-test c AJNUIKF pF ?
Pre test
WIF T 6 L | wj yj hIOF w3 6LUp WIF T O6LUp
Wwj vy) F bFoT Fol| wjy) hkbF oI |
T=1/3 sec 1 1.1 (Y) 1
t=3sec, 3r M=x 3
a=10m/sec? X 1
Y:;+1
M=y =6 2
2
M=7 = 6x.@°+e*2,6x3




B=2A

A=1/4

B=1/2
C=1.1/4

=(1+x?).6xe*?

Y:2, (Xl,yl) (4,2)
M=1/4
Y=x/4+1

M=-4 ,(x1,xyl)
(4.2)
Y=-4x+18

T=30 sec 1
h=14400 ft
h=0 2
mBFCI BbF
KpbF
T=60 sec
V=-960 ft/sec 3

t=60 sec
Q=- 32ft/sec® 4

C
C

C:
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( post test)
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( pre test)
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